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Introduction. In this report the problem of the relaxation of electric charges
on weakly conducting plane surfaces is considered. Mylar cloths, polyethylene
films, etc., represent the examples of such surface. When these materials undergo
certain operations (deployment, spooling, etc.), electric charges appear at certain
regions of these surfaces. These charges give rise to sufficiently high electric fields.
A time-dependent variation of electric charges and fields on the plane surface is
investigated.

1. System of equations. To describe the variation of electric charges
and fields, we write a system of equations consisting of the equation for the surface-
charge variation and the Coulomb integral law for the electric field due to surface
charges (it is assumed that there are no electric charges and electric current beyond
the plane under consideration) [1]

∂qs

∂t
+ divsjs = 0 , E =

∫∫
S

4πqsr
εr3

ds. (1)

Here, qs is the surface density of scharge, js is the surface current, divs is
the surface divergence, E is the electric field vector, S is a charge domain of the
surface, ds is the element of S, ε is the dielectric permeability, and r is the radius
vector directed from the element ds with the charge qs to a current point.

At the initial moment, we specify the electric charge distribution qs = qs0 in
a bounded region of the surface S = S0.

We consider a symmetric problem when the electric charge in an initial mo-
ment takes a strip of width 2L and the distribution of the initial charge is symmet-
ric about the central line of this strip. In this case, the problem of charge density
variation is one-dimensional, the origin of the coordinate x is the middle line of
the strip S0. The tangential projection Eτ of the electric field is given by

Eτ =
2
ε

∞∫
−∞

qs(x′)
x − x′ dx′ (2)

The variation of charge density qs(x) is defined by the number of ions that are
responsible for the initial charge ( be

s), their surface mobility as well as by the
electrical properties of the surface. The properties listed above define the Ohm’s
law for the surface current js that appears in the first equation in (1). The nu-
merical solutions for a different form of the Ohm’s law for the surface current js
are presented in [1]

In this report we consider a simplest case. There is a single type of ions on
the surface, namely, the ions that are responsible for the initial electric charge qs0;
and there are no other charge carries on the surface. In this model we define the
Ohm’s law as follows (henceforth, we omit the index τ of the projection Eτ )
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js = be
sqsE. (3)

Let us introduce the following dimensionless parameters:

q∗s =
qs

q0
, E∗ =

E

E0
, t∗ =

t

t0
, x∗ =

x

L
,

t0 =
L

be
sE0

, E0 =
2q0

ε
, q0 =

1
2L

L∫
−L

qs0(x)dx. (4)

The system of equations describing the variation in the charge q∗s in the dimen-
sionless form is rewritten as follows:

∂q∗s
∂t∗ +

∂q∗sE∗
∂x∗ = 0, E∗ =

∞∫
−∞

q∗s(x′)
x∗ − x′ dx′. (5)

Let us introduce new variables τ , ξ, Q, P

τ =
1
κ

ln(1 + κt∗), ξ =
x∗

(1 + κt∗)α
, α = const κ = const,

q∗ = (1 + κt∗)α−1Q(τ, ξ), E∗ = (1 + κt∗)α−1P (τ, ξ).
(6)

We can write system (5) using variables (6)

∂Q

∂τ
− ακξ

∂Q

∂ξ
+ (α − 1)κQ +

∂QP

∂ξ
= 0, P =

∞∫
−∞

Q(τ, ξ)
ξ − ξ′

dξ′ . (7)

Let us consider the solution of (7) dependent only on ξ : Qs = Qs(ξ), Ps = Ps(ξ).
The system for this functions has the form

−ακξ
∂Qs

∂ξ
+ (α − 1)κQs +

∂QsPs

∂ξ
= 0, (8)

Ps =

∞∫
−∞

Qs(ξ)
ξ − ξ′

dξ′ .. (9)

The functions Qs = Qs(ξ), Ps = Ps(ξ) are the self-similar solutions of equations
system (5).

We consider the case then there are no charge carries on the surface except
the initial electric charge qs0. In this case the total charge has not changed in the
time ∞∫

−∞
q(t, x)dx = Qf , Qf = const. (10)

¿From (10) follows α = 1/2. Equation (8) can be written in the form

∂

∂ξ

(
Qs

(
− 1

2
κξ + Ps

))
= 0 . (11)

This equation has the integral

Qs(−1
2
κξ + Ps) = c . (12)
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The constant c = 0, as the charge occupies a bounded region. From (12) it follows

|ξ| ≤ ξ0, −1
2
κξ + Ps = 0, (13)

|ξ| > ξ0, Qs = 0 . (14)

Substituting (9) into relation (13) and taking into account (14), we shall write

ξ0∫
−ξ0

Qs(ξ)
ξ − ξ′

dξ′ = κξ, ξ0 = const. (15)

The solution of (15), bounded at the integration limits, has the form [2]

Qs(ξ) =
κ

π
(ξ2

0 − ξ2)1/2, |ξ| � ξ0. (16)

We can calculate the total charge Qf (10)

Qf =
1
2
κξ2

0 . (17)

The self-similar constant κ is determined by the total charge Qf and by the size
of the initial charges’ region.
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